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Abstract
Let x = (xn)n be a bounded complex sequence and let Mx = sup
n
|xn|. By
using a normaloid operator related to the sequence x = (xn)n, we prove that
sup
λ∈C, |λ|≤Mx
sup
n
|xn + λ| = 2Mx.
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1. Introduction
Let x = (xn)n be a bounded complex sequence and letMx = sup
n
|xn| . For
all integer n and scalar λ, with |λ| ≤Mx, we have |xn + λ| ≤ |xn|+|λ| ≤ 2Mx.
It results that
sup
λ∈C, |λ|≤Mx
sup
n
|xn + λ| ≤ 2Mx. (1)
However, the equality
sup
λ∈C, |λ|≤Mx
sup
n
|xn + λ| = 2Mx (2)
is less obvious.
In this paper, we prove the equality (2) by using a normaloid operator
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related to the sequence x = (xn)n. For this purpose, we need some notations
and results from the literature.
Let B(H) be the algebra of all bounded linear operators acting on a
complex Hilbert space (H, 〈., .〉). For A ∈ B(H), the numerical range of A is
denoted and defined by
W (A) = {〈Ax, x〉 : x ∈ H, ‖x‖ = 1}.
It is a celebrated result due to Toeplitz and Hausdorff that W (A) is a
nonempty bounded convex subset of the complex plane (not necessarily
closed), and its supremum modulus, denoted and given by
w(A) = sup{|λ| : λ ∈ W (A)},
is called the numerical radius of A. It is well known that w(.) defines a
norm on B(H), which is equivalent to the C∗-norm ‖.‖. In fact, the following
inequalities are well-known:
1
2
‖A‖ ≤ w(A) ≤ ‖A‖ ,
for all A ∈ B(H), and an operator A ∈ B(H) is said to be normaloid if the
second inequality becomes an equality, i.e., w(A) = ‖A‖.
For more material about the numerical radius and other information on
the basic theory of algebraic numerical range and normaloid operators, we
refer the reader to the books [2, 3, 4, 5].
From now on, B(H) will denote the algebra of all bounded linear operators
acting on a complex Hilbert space H. We shall denote the complex numbers
by C.
2. Main results
Let us start with a definition and a lemma that we will use for giving two
characterizations of a normaloid operator. These characterizations will allow
us to prove the equality (2).
Definition 2.1. Let ∆ be a nonempty bounded subset of C. The supremum
modulus of ∆ is denoted by |∆| and given by
|∆| = sup{|λ| : λ ∈ ∆}.
In particular, if A ∈ B(H), then |W (A)| =
∣∣∣W (A)
∣∣∣ = w(A), where W (A) is
the closure of W (A).
2
Lemma 2.2. Let {0} 6= K be a nonempty compact subset of C. Then there
exists s ∈ K, s 6= 0 such that
|K + s| = |K|+ |s| .
By a compactness argument, there exists s ∈ K, s 6= 0 such that |K| = |s|.
So, |K + s| ≤ |K| + |s| = 2 |s|. But 2s ∈ K + s, then 2 |s| ≤ |K + s| and
therefore |K + s| = |K|+ |s|.
Theorem 2.3. Let A ∈ B(H). Then the following are equivalent statements
1. A is normaloid,
2. ‖A + λ‖ = ‖A‖+ |λ| for some λ ∈ C∗.
Proof.
(1) ⇒ (2). Assume that A is normaloid; that is |W (A)| = w(A) = ‖A‖.
Since W (A) is a compact subset of C, by Lemma 2.2, there exists λ ∈ W (A)
(|λ| = w(A)) satisfying
∣∣∣W (A) + λ
∣∣∣ =
∣∣∣W (A)
∣∣∣ + |λ| = ‖A‖+ |λ| .
But W (A) + λ = W (A+ λ), then
∣∣∣W (A) + λ
∣∣∣ =
∣∣∣W (A+ λ)
∣∣∣ = w(A+ λ) ≤
‖A+ λ‖. It results that ‖A‖+ |λ| ≤ ‖A+ λ‖ and so, ‖A+ λ‖ = ‖A‖+ |λ|.
(2) ⇒ (1). Let λ be a nonzero scalar such that ‖A+ λ‖ = ‖A‖ + |λ|. By
Barraa-Boumazgour [1, Theorem 2.1] we have
|λ| ‖A‖ ∈ W (λA) = λ W (A).
It results that ‖A‖ ≤ w(A) and hence ‖A‖ = w(A). This is exactly to say
that A is normaloid.
Corollary 2.4. Let A ∈ B(H). Then A is normaloid if and only if
sup
λ∈W (A)
‖A+ λ‖ = 2 ‖A‖ .
Proof.
Note first that, since |λ| ≤ ‖A‖ for any λ ∈ W (A), we always have
sup
λ∈W (A)
‖A+ λ‖ ≤ sup
λ∈W (A)
(‖A‖+ |λ|) ≤ 2 ‖A‖ .
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If A is normaloid, then Theorem 2.3 states that there exists λ ∈ W (A),
|λ| = w(A) = ‖A‖ and ‖A+ λ‖ = ‖A‖+ |λ| = 2 ‖A‖. Hence,
sup
λ∈W (A)
‖A+ λ‖ = 2 ‖A‖ .
Conversely, since W (A) is compact, there exists µ ∈ W (A) such that
sup
λ∈W (A)
(‖A‖+ |λ|) = ‖A‖+ |µ| .
If A is not normaloid, then |µ| < ‖A‖ and we obtain
sup
λ∈W (A)
‖A+ λ‖ = ‖A‖+ |µ| < 2 ‖A‖ .
Remark 2.5. If the operator A is normaloid, the supermum 2 ‖A‖ is at-
tained by ”some” scalars λ ∈ W (A) with |λ| = ‖A‖. Then, we can write
sup
λ∈W (A)
‖A + λ‖ = sup
λ∈W (A), |λ|≤‖A‖
‖A + λ‖ = 2 ‖A‖ . (3)
Now, we are ready to prove the following theorem wich establishes the desired
equality (2).
Theorem 2.6. Let x = (xn)n be a bounded complex sequence. Then,
sup
λ∈C, |λ|≤Mx
sup
n
|xn + λ| = 2Mx,
where Mx = sup
n
|xn| .
Proof.
Let Ax be the diagonal operator defined by
Ax =


x1 0 . . .
0 x2
... x3
. . .


.
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It is clear that Ax is normaloid, indeed w(Ax) = ‖Ax‖ =Mx. Accoroding to
the equality (3), we get
sup
λ∈W (Ax), |λ|≤‖Ax‖
‖Ax + λ‖ = 2 ‖Ax‖ .
Since ‖Ax + λ‖ = sup
n
|xn + λ| for all λ ∈ C and ‖Ax‖ =Mx, we obtain
sup
λ∈W (Ax), |λ|≤Mx
sup
n
|xn + λ| = 2Mx.
It suffices to use the inequality (1) and the fact that W (Ax) is a subset of C
to conclude that
sup
λ∈C, |λ|≤Mx
sup
n
|xn + λ| = 2Mx.
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